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We examine possible low-temperature phases of a repulsively Rydberg-dressed Fermi gas in a
three-dimensional free space. It is shown that the collective density excitations develop a roton
minimum, which is softened at a wavevector smaller than the Fermi wavevector when the particle
density is above a critical value. The mean field calculation shows that unlike the insulating charge
density waves states often observed in conventional condensed matters, a self-assembled metallic
density wave state emerges at low temperatures. In particular, the density wave state supports a
Fermi surface and a body-center-cubic crystal order at the same time with the estimated critical
temperature being about one-tenth of the non-interacting Fermi energy. Our results suggest the
emergency of a fermionic quantum solid that should be observable in current experimental setup.
Introduction: It is well known that the system of repul-
sively interacting Fermi gases is mainly controlled by the
celebrated Fermi liquid (FL) theory[1]. The breakdown
of the FL theory can lead to exotic self-organizing or-
ders even without the presence of lattice potentials. For
example, in the strong interaction regime, the ground
state may become unstable to a nematic state by break-
ing the rotational symmetry via a Fermi surface distor-
tion (Pomeranchuk instability, PI [2]). For systems of
a long-ranged Coulomb/dipolar interaction, it is known
that particles can be ”frozen” locally without exchang-
ing their positions and form a classical crystal with one
particle per site in the dilute/dense limit [3–5]. In an-
other extreme situations, such as high density 3He under
pressure, the ground state can be even turned from the
Fermi liquid into a quantum solid [6, 7], where particles
self-assemble crystal order but are still intrinsically rest-
less and exchanging their positions even at the absolute
zero of temperature.
However, in the traditional condensed matter systems,
these interesting phases (nematic state, classical crystal,
or quantum solid) cannot be achievable easily because the
interaction strength has to be strong enough to compete
with the Fermi energy. On the other hand, in the system
of Rydberg atoms, the length scale and strength of the
effective inter-atom interaction can be manipulated eas-
ily by external fields [8–12]. In addition to the blockade
effect for on-resonant excitations [13–16], one can also
apply a far-detuned weak field (see Fig1 (a)) to generate
an effective Rydberg-dressed interaction (RDI), which re-
places the short-ranged Lennard-Jones potential by a soft
core with finite interaction range (see in Fig1(b)) [17–19].
Theoretical calculations show that a repulsive RDI in a
Bose gas may lead to a supersolid droplet phase [18–22],
while an attractive RDI induces a 3D bright soliton [23].
For a Rydberg Fermi gas, some topological phases are
also predicted for an attractive [24] or repulsive interac-
tion in a optical lattice near half-filling [25].
In this paper, we demonstrate that a self-assembled
metallic quantum solid phase can emerge in a single
species Fermi gas even for a weakly repulsive RDI in a 3D
continuous space. The quantum phase transition from
Fermi liquid to quantum solid is mainly driven by the
interaction range of the RDI, and is shown to be a first
order transition near the collective mode softening point
at a wavevector smaller than the Fermi wavevector. The
new ground state, mettalic quantum solid, has a gap-
less fermionic excitation on top of a density wave order,
which has a body-centered-cubic (BCC) structure with
a lattice constant a few times larger than the averaged
inter-particle distance, i.e. each unit cell contains many
and non-integer fermionic atoms to form a Fermi sea. We
further estimate the critical temperature of the density
wave order about 0.1E0F , where E
0
F is the noninteracting
Fermi energy. Our results indicate a new quantum order
originating solely from the finite interaction range, and
open a new pathway to form non-conventional correlated
quantum states.
Effective Interaction: In this paper, we consider a
single-species Fermi gas, taking 6Li as an example, where
each atom is weakly coupled to its s-wave Rydberg state
by an off-resonant two photon transition via an inter-
mediate state, see Fig.1(a). In the far detuning and
weak coupling limit, we can apply the standard pertur-
bative and adiabatic approximation[18] to obtain the ef-
fective interaction between dressed state atoms through
the effective Raman coupling Ω and detuning ∆: the
Rydberg-dressed interaction (RDI) can be expressed to
be, VRD(r) =
U0
1+(r/Rc)6
[19, 23, 24, 26], where U0 ≡
(Ω/2∆)4C6/R
6
c , and Rc ≡ (C6/2|∆|)1/6 are the inter-
action strength and the averaged soft-core radius respec-
tively. C6 is the averaged van der Waals coefficient, which
can be shown to be positive for all orbital states when
exciting 6Li to a state with n > 30 [27, 28].
We note that the effective Rydberg-dressed interaction
discussed above is more justified for the single-species
Fermi gas [24] than for bosonic systems, because the
Pauli exclusion principle can strongly reduce the possible
atomic loss due to the orbital level crossing in the short-
distance regime. As a result, we can calculate the scatter-
ing amplitude in 3D free space (valid in the weak interac-
2FIG. 1. (a) Schematic plot for a two-photon excitation for an
off-resonant coupling between the ground state (|n0S〉) and a
Rydberg state (|n2S〉) via an intermediate state (|n1P 〉). ∆1,2
and Ω1,2 are the detuning and Rabi frequency respectively.
An effective single photon expression can be obtained with
∆ = ∆1 + ∆2 and Ω = Ω1Ω2/2∆1. (b) Effective Rydberg-
dressed interaction in the far detuning limit (∆ ≫ Ω) in the
momentum space. The insert shows the corresponding real
space profile with the blockade radius, RC .
tion limit, U0/E
0
F ≪ k0FRc [29]) by the first Born approx-
imation: V (q) ≡ ∫ drVRD(r) e−iq·r = U0R3c V˜ (|q|Rc),
where
V˜ (s) =
2pi2
3s
ñ
1 + 2 es/2 sin
Ç√
3s
2
− pi
6
åô
e−s. (1)
is a single-parameter function with s ≡ |q|Rc. As shown
in Fig.1(b), such scattering amplitude has a negative
minimum at a finite wavevector, |q| = Qc ∼ 5.3/Rc.
This spacial property results from the blockade effects
of the Rydberg-dressed interaction in real space (see the
inset), and does not exist in other kinds of long ranged
interaction, say Coulomb or dipolar interaction. As we
will show below, it helps to stabilize the density wave
state even for Fermi gases.
Collective density mode softening: To investigate
the possible density wave order, we first calculate
the retarded density correlation function, DR(q, ω) ≡
−i ∫∞
0
dte−iωt〈[ρ(q, t), ρ(−q, 0)]〉, with the density op-
erator ρ(q) ≡ ∑k c†k+qck (ck is the field operator
of Rydberg-dressed fermions). The density correlation
function is directly related to the full polarizability,
Π(q, ω) (ReDR = ReΠ, ImDR = sgn(ω)ImΠ, [30]),
which can be evaluated through Dyson series:
Π(q, ω) =
Π∗(q, ω)
1− V (q)Π∗(q, ω) (2)
with Π∗(q, ω) being the irreducible polarizability.
In our present Rydberg-dressed system, we are inter-
esting in the regime of long blockade radius (i.e. high
density), i.e. k0FRc ≫ 1, so that the direct term con-
tributes much larger than the exchange and correlation
FIG. 2. Spectral weights (∝ ℑΠ(q, ω)) of the collective ex-
citations for U0/E
0
F = 0.012 for (a) k
0
FRc = 20 and (b)
k0FRc = 29, respectively. The while thin lines indicate the
regime of particle-hole excitations, and the roton minimum
reaches zero energy in (b). (c) Phase diagram between the
Fermi liquid and the metallic density wave. The red solid line
is determined by the condition of collective mode softening,
while the blue dots are obtained by numerically minimizing
the total meanfield energy at zero temperature. The inset
shows a schematic density plot of the metallic density wave
with a BCC structure.
terms (similar to the Coulomb interaction case in the high
density limit, see Ref. [30]). As a result, we can apply the
random phase approximation (RPA) to replace the irre-
ducible polariability (Π∗) by the noninteracting polariz-
ability, Π0(q, ω) =
−i
(2pi)4
∫
d3kdνG0(k, ν)G0(k+q, ω+ν),
where G0(k, ω) is the noninteracting Green’s function
and can be evaluated analytically [30].
In Fig. 2(a), we show a typical spectral weight of
the collective mode excitations within RPA. The dis-
persion of the collective mode is determined from the
pole of Π(q, ω) (see Eq. (2)): 1 = V (q)ℜΠ0(q, ωq) for
ℑΠ0(q, ωq) = 0 (i.e. outside the regime of particle-
hole excitations (PHE) [31, 32]). In the long wave-
length limit, this mode has to a linear dispersion,
ωq = cq + O(q2), with the zero sound velocity, c ≡
v0F
[
1 + 2e−2 exp(−3/mk0FU0R3c)
]
(v0F is the noninteract-
ing Fermi velocity). In the shorter wavelength (or larger
wavevector) regime, the collective excitation is strongly
damped and broadened by particle-hole excitations.
However, when the interaction range (Rc) is tuned
larger (or in higher density regime), we find that the ro-
ton excitation is softened at a finite momentum (q =
Qc ∼ 0.2k0F as shown in Fig. 2(b)). In fact, since
3ℑΠ0(q, ω → 0) → 0, the condition to have such roton
softening can be analytically derived as kFRc ≫ 1:
U0
E0F
× (kFRc)3 ≥ 4pi
2
| V˜ (5.3) | ≈ 294.6. (3)
In Fig. 2(c), we show the obtained quantum phase di-
agram, where the Landau’s FL theory fails in the high
density regime (Rck
0
F ≫ 1) even the interaction strength
(U0/E
0
F ) is small. Note that this result is within the
same condition to justify the first Born approximation
and RPA used in our theoretical calculation. Similar re-
sults can be also obtained in lower dimensional systems,
while the above two approximations cannot be justified.
We emphasize that such interesting result does not ap-
pear in other long-ranged interaction (such as Coulomb
or dipolar interaction), because the negative minimum of
V (q) is originated from the sharp changes of the inter-
action profile due to blockade effects (see Fig. 1(b)). We
also have examed that there is no possibility to have PI
in such Rydberg-dressed interaction within the parame-
ter regime here.
Meanfield approach: Inspired by the softening of the
collective excitation at a finite (but small) momentum, it
is reasonable to expect that near the transition bound-
ary a density wave order emerges so that the system be-
comes non-uniform. As a result, the expectation value of
the density operator in momentum space (≡ ρ(q)) can
be written to be 〈ρ(q)〉 = Nδq,0 +N1∑zi=1 δq,Qi , where
N is the total particle number and N1 is the order pa-
rameter of the density wave order. Qi (i = 1, · · · , z)
are the wavevectors to describe the density wave order
with |Qi| = Qlat. Here we has assumed that the density
modulation mostly comes from the first harmonic com-
ponent for simplicity, and the reciprocal lattice wavevec-
tor, Qlat, is a variational parameter to be determined by
minimizing the total energy. For example, for a cubit
lattice, we have z = 6 and Qi/Qlat = ±xˆ, ±yˆ, ±zˆ. For
a FCC lattice in the momentum space, we have z = 12
and Q1/Qlat = (xˆ + yˆ)/
√
2, Q2/Qlat = (xˆ + zˆ)/
√
2,
Q3/Qlat = (yˆ + zˆ)/
√
2 as the three basis. Other nine
Qi’s can be obtained by linear combination of Q1,2,3 and
has the same amplitude as shown in Fig. 4(a).
Following the standard meanfield approximation for a
charge density wave, we first replace the density operator
in the Hamiltonian by its expectation value. Since there
is no underlying lattice potential for fermions, we do not
expect the nesting effect at any commensurate filling.
After neglecting higher order fluctuations, we obtain the
following effective meanfield Hamiltonian,
H =
∑
k∈1BZ

∑
n
εk,nc
†
k,nck,n +
N1V (Qc)
Ωv
∑
〈n,n′〉
c†k,n′ck,n


−zN
2
1
2Ωv
V (Qc), (4)
FIG. 3. Density wave order parameter, N1/N , as a func-
tion of interaction strength, U0/E
0
F , for k
0
FRc ∼ 21. We find
N1/N jumps discontinuously at U0/E
0
F ∼ 0.033, indicating a
first order quantum phase transition. The insert shows the
total energy per particle as a function of the order parameter,
N1/N , for various U0/E
0
F , from 0.03 (top) to 0.04 by a step
0.002, and then U0/E
0
F = 0.05, 006, and 0.07 (bottom) re-
spectively. The red dashed line indicates the transition point,
which has a local zero energy minimum at N1/N ∼ 0.07.
where we have folded the whole momentum space into the
first Brillouin zone (1BZ), and defined ck,n to be the field
operator at momentum k, shifted by a Bravais vector,
Kn ≡ ∑3i=1 niQi. Here Q1,2,3 are the three primitive
vectors in the Bravais lattice, and n ≡ (n1, n2, n3) is
an integer vector to label the band index. 〈n,n′〉 denotes
the two neighbouring unit cells, which are coupled by the
Rydberg-dressed interaction at a unit Bravais vector, i.e.
|Kn−Kn′ | = Qlat. Finally, εk,n ≡ (Kn+k)2/2m denotes
the noninteracting band energy, and Ωv is the volume of
the system.
The meanfield Hamiltonian in Eq(4) is then di-
agonalized by a unitary transformation: c˜k,n =∑
n′ U
∗
n,n′(k)ck,n′ , where c˜k,n is the eigenstate operator
with an eigenenergy, ε˜k,n. At zero temperature, the total
energy for a given chemical potential, µ, can be obtained
to be: Etot(N1) =
∑
k,n ε˜k,nθ(µ − ε˜k,n) − zN
2
1
2Ωv
V (Qc),
where θ(x) is the heaviside function and the chemical
potential (µ) is determined by the total particle number.
Note that number of atoms in each unit cell of the density
wave order needs not to be an interger.
The order parameter, N1, is then determined self-
consistently from the following equation:
N1 =
∑
k
〈c†k+Q1ck〉 =
∑
k,n,m
Un,mU
∗
m,n+exf(ε˜k,m), (5)
where we set Q1 = ex and f(x) = (e
x+1)−1 is the Fermi
distribution function. Note that the transformation ma-
trix element, Un,m depends on N1 also.
Order parameter and band structure: In the numerical
calculation, we first consider different types of crystal or-
der and compare their ground energies for different values
of Qlat. The order parmeter, N1, and chemical potential
are calculated self-consistently as described above. After
4finishing these calculations, we find that a BCC lattice
(see the inset of Fig. 2(c) with closest sphere packing
FCC structure in the reciprocal lattice [33], see Fig. 4(b))
is energetically most favourable when the density wave
order is formed.
In Fig. 3, we show how the order parameter fraction,
N1/N , self-consistently calculated from Eq. (5), changes
sharply from zero to a finite value as U0/E
0
F ≥ 0.033 for
Rck
0
F = 21. In the inset, we show how the total energy
changes as a function of N1/N near the transition point.
Both results indicate that the quantum phase transition
from a Fermi liquid state to a density wave state is first
order, consistent with earlier studies on classical liquid-
solid transition [34]. The phase transition boundary is
found very close to the results given by roton mode soft-
ening (see Fig.2(c)) and the obtained reciprocal lattice
wavevector, Qlat, is almost the same (within 5% differ-
ence) as the one obtained by roton softening (Qc). Re-
sults from these two independent approaches agree very
well and hence confirm such new quantum phase tran-
sition in a Rydberg-dressed Fermi gas. We further note
that since Qlat ∼ Qc ≪ k0F in the parameter regime to
justify our meanfield calculation, It directly implies that
there can be many fermionic atoms in each density wave
period and hence a new Fermi surface is formed in such
lattice structure, leading to a metallic density wave state.
In Fig.4, we further show the the single particle band
structures (c) and density of states (d) in the density
wave phases for a typical parameter. We note that the
elementary excitations near the Fermi surface is essen-
tially gapless, while some band gaps are opened under
the Fermi energy. This results can be understood from
the following observation: if only the first band is occu-
pied in the dilute limit (say Rck
0
F < 3.2 in our calcula-
tion, while the first Born and meanfield approximations
may not be justified in this regime), the density wave
has an effective one particle per site in the real space.
Different from the Wigner in a long-ranged interaction,
however, such crystal is incompressible (with a gap) in
the single particle excitation, because it costs a finite en-
ergy to add one more particle inside the blockage radius,
Rc, (see the inset of Fig. 1(b)). For a Coulomb or dipo-
lar interaction, on the other hand, the addition of one
more particle can be done without much energy cost by
re-arranging the lattice structure to form a defect in the
long-wavelength limit, because no intrinsic length scale
therein. When adding more particles in each site, Pauli
exclusion principle starts to make a Fermi sea and hence
a gapless excitation, leading to a metallic quantum solid
in the weak interaction regimes we considered here (for
the justification of our approximations).
We can further estimate the critical temperature of
such density wave order by solving Eq. (5) with N1 → 0,
and find Tc ∼ 0.1E0F near the phase transition bound-
ary. This indicates that the MDW phase proposed above
and should be achievable within the present experimental
FIG. 4. (a) Twelve reciprocal vectors of the density wave
with a BCC structure, pointing to the 12 reciprocal lattice
points closest to the origin. The red solid arrows, Q1,2,3,
denote the three basis vectors. (b) The first Brillouin zone
of BCC lattice with several high symmetry points. (c) The
single particle band structure in a metallic density wave state
for Rck
0
F = 10.62 and U0/E
0
F = 0.28. The horizontal red line
indicates the chemical potential of noninteracting system. (d)
The corresponding density of states (DOS).
set-up. More sophisticated calculation by including the
collective excitations etc. is beyond the scope of this pa-
per, but can be investigated in more details in the future
study.
Experimental measurement: In a realistic experiment,
one can in principle tune the Rydberg-dressed interaction
in a very wide range by the external field. Taking 6Li as
an example, we find that C6 ∼ 105 GHz-µm6 for the
60th orbit, so that U0 = 9.82kHz and Rc = 1.27µm by
choosing effective Rabi frequency, Ω = 2pi × 100MHz,
and detuning, ∆ = 2pi × 2GHz. For a typical density
n = 1014cm−3, we have U0/E
0
F = 0.036 and Rck
0
F =
23.0, near the phase transition boundary. The obtained
metallic density wave has a lattice constant, 2pi/Qlat =
1.51µm, which is about 7 times longer than the average
inter-particle distance, n−1/3 ∼ 0.21 µm.
When considering a Rydberg-dressed Fermi gas
trapped in a harmonic potential, one can apply the lo-
cal density approximation when the cloud size is much
larger than the lattice constant, i.e. replacing k0F by
kF (r) = (6pi
2n(r))1/3, where the n(r) is the density pro-
file without crystal order. Since the quantum phase tran-
sition is first order, we expect the metallic density wave
concentrate in the cloud center (higher density) with a
discontinuous density change near the interface with the
normal surface. These signature should be measurable in
the short time of flight experiments.
5Conclusion: We find a new type quantum phase tran-
sition of a single component fermionic atoms with a
Rydberg-dressed repulsive interaction (say 6Li). The
observed metallic density wave phase results from the
softening of the collective mode excitations with a BCC
structure in the 3D real space. We gave an analytic ex-
pression of the criteria for such quantum phase and show
that the phase transition is of first order. Our results
suggest the emergency of a new quantum solid, which
should be observable in the future experiment.
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